Abstract We discuss reflections identities of harmonic sums up to weight three. The need for this kind of identities emerges in analysis of the general structure of eigenvalue of the BFKL equation. The reflection identities decompose a product of two harmonic sums with pole singularities at real integer points into a linear combination of other functions with pole singularities at either negative integers or zero and positive integers. This provides a pole separation of expressions with a mixed pole structure.
should search other form of presenting the final result. One of the options would be to use a product of two real functions of complex variable f (z)g(z) and its linear combination. In the course of checking that option we faced a need for a special kind of identities not currently available for the harmonic sums namely the ones where a product of two functions f (z)g(−1 − z) can be represented as a sum of two other functions of the same arguments F (z) + G(−1 − z). We call those identities the reflection identities because the argument is reflected with respect to point 1 2 (z + (−1 − z)) = − 1 2 . In this paper we mainly focus on the reflection identities for the harmonic sums at weight w = 2 and w = 3, leaving discussion of the physical motivation and their possible applications for future studies.
The paper is structured as follows. In the first Section we discuss the definition of the harmonic sums and their analytic continuation to the complex plane. In the second Section we introduce the reflection identities and discuss their compatibility with the known identities. We present the list of obtained reflection identities at weight two and three.
Harmonic Sums
The harmonic sums are defined [1, 2, 3, 4] through nested summation for n ∈ N Sa 1 ,a2,...,a k (n) =
In this paper we consider the harmonic sums with only real integer values of a i , which build the alphabet of the possible negative and positive indices. In eq. 1 k is the depth and w = k i=1 |a i | is the weight of the harmonic sum Sa 1 ,a2,...,a k (n). The indices of harmonic sums a 1 , a 2 , ..., a k can be either positive or negative integers and label uniquely Sa 1 ,a2,...,a k (n) for any given weight. However there is no unique way of building the functional basis for a given weight because the harmonic sums are subject to so called shuffle relations, where a linear combination of Sa 1 ,a2,...,a k (n) with the same argument but all possible permutations of indices can be expressed through a non-linear combinations of harmonic sums at lower weight. There is also some freedom in choosing the irreducible minimal set of Sa 1 ,a2,...,a k (n) that builds those non-linear combinations. The shuffle relations relate between the linear and non-linear combinations of the harmonic sums of the same argument. For example, the shuffle relation at depth two is given by
The shuffle relations of the harmonic sums is closely connected to the shuffle algebra of the harmonic polylogarithms [4] . There is another type of identity called the duplication identities where a combination of harmonic sums of argument n can be expressed through a harmonic sum of the argument 2n. The duplication identities introduce another freedom in choosing the functional basis.
The definitions, functional identities, general properties of the harmonic sums and their generalizations are discussed in more details in Refs. [3, 6, 7, 8, 9 ] and here we focus only on the so called linear basis of the harmonic sums where we take into account only Sa 1 ,a2,...,a k (n) with all possible permutations of the indices without applying any kind of functional identities. The number of elements in such a linear basis equals the number of elements in any other basis built of harmonic sums where one applies either shuffle or duplication identities. Ours choice of the linear basis is merely a matter of convenience for the purpose of the present discussion.
The harmonic sums Sa 1 ,a2,...,a k (n) are defined for positive integer argument n and require an analytic continuation to the complex plane if one wishes to use them as a general functional basis. There are two different analytic continuations of the harmonic sums Sa 1 ,a2,...,a k (n) with at least one negative index a i : the analytic continuation from the even integer values of the argument n, which we denote byS + a1,a2,...,a k (n), and the analytic continuation from the odd integer values of n, which we denote byS − a1,a2,...,a k (n). The details of the analytic continuation from either odd or even values of n to all integers are presented in Ref. [10] . The analytic continuation to the complex plane are then done in terms of the Mellin transform of the Harmonic Polylogartithms (HPL) as discussed in Ref. [3] .
Reflection Identities
The harmonic sums Sa 1 ,a2,...,a k (n) defined in eq. 1 after the analytic continuation have pole singularities for the negative values of the argument. As it was mentioned in the previous Section there are two possible analytic continuations to the complex plane, one from odd integer n and another from even integer n. For Sa 1 ,a2,...,a k (n) with at least one negative a i those two analytic continuations represent two different functions. In recent studies [11, 12, 13, 14, 15] related to calculations of high order perturbative corrections to the BFKL eigenvalue the analytic continuation from even values of n is used. The present paper presents a step towards understanding a general structure of the BFKL eigenvalue and is based on those studies, so that we adopt their notation and consider only analytic continuation from even integer n throughout this paper. In further discussions we drop the "bar-plus" notation ofS + a1,a2,...,a k (n) for even n and use Sa 1 ,a2,...,a k (n) for any harmonic sum after its analytic continuation from even integer n to complex plane.
The main objective of the present paper is to introduce the reflection identities not yet available in the literature. By reflection identity we mean a functional identity where a product of two harmonic sums, one of argument z and another of argument −1 − z can be written as a linear combination of another sums of argument z and −1 − z. As an example, consider
The sum S 1 (z) has pole singularities at negative integers whereas the sum S 1 (−1− z) has pole singularities at zero and positive integers. The product of two functions on the left hand side of eq. 3 have poles at all integers and zero, while each individual term at the right hand side has only pole on either negative integers or zero and positive integers. This way we perform a pole separation of the product S 1 (z)S 1 (−1 − z) with a mixed pole structure. We call eq. 3 the reflection identity because the argument of the harmonic sum is reflected with respect to a point
The reflection identity given in eq. 3 can be written in terms of the well known digamma function (ψ(z) = ln Γ (z) dz ) and its derivative as follows
Weight Two
At weight two (w = 2) there are only three reflection identities that are constructed by taking products of two basis functions at weight one
The reflection identities at w = 2 are given by
All other other reflection identities at w = 2 are obtained by a change of the argument z ↔ −1 − z.
The reflection identities at weight two presented here are not new and were known long time ago in the context of functions related to the Euler Gamma function. To the best of our knowledge they appear the eraliest in Chapter 20 of Ref. [16] and then were related to the harmonic sums (see eqs.6.11-6.15 of Ref. [8] ).
Similar reflection identities at weight three and up were overlooked to the best of our knowledge and are first presented in this paper.
Weight Three
The reflection identities at weight three are constructed by corresponding products of two basis functions at weight in eq. 6 and six basis functions at weight two given by
The resulting twelve reflection identities at weight three read
+ log(2)S −2 (z) + 1 12
All other other bilinear reflection identities at w = 3 are obtained by a change of the argument z ↔ −1 − z.
Trilinear reflection identities
In the previous Section we considered bilinear reflections obtained by taking a product of two basis harmonic sums at lower weight. At weight three one can consider also trilinear reflection identities obtained by taking a product of three basis harmonic sums at weight one listed in eq. 6. There are six of those and all of them can be obtained from a linear combination of the bilinear reflection identities given in Section 3.2 supplemented by the shuffle identities of corresponding harmonic sums. The trilinear reflection identities are given by
The Method
In deriving the reflection identities presented in this paper we used Harmonic Sums package by J. Ablinger [6] , HPL package by D. Maitre [17] and dedicated Mathematica package for pomeron NNLO eigenvalue by N. Gromov, F. LevkovichMaslyuk and G. Sizov [11] . We expanded around positive and negative integer points the product of two harmonic sums Sa 1 ,a2,..(z)Sb 1,b2 ,... (−1 − z) and the functional basis built of pure Harmonic Sums with constants of relevant weight listed in Ref. [6] . Then we compared the coefficients of the irreducible constants of a given weight and solved the resulting set of coefficient equations. We used higher order expansion to cross check our results. Both the bilinear identities of Section 3.1, Section 3.2 and the trilinear reflection identities of Section 3.3 are derived from the pole expansion based on the Mellin transform and then checked against the shuffle identities and numerical calculations of the corresponding harmonic sums on the complex plane.
The reflection identities listed in the present paper are derived for Harmonic Sums analytically continued from even integer values to the complex plane. The analytic continuation from the odd integer values to the complex plane is beyond the scope of our study.
We attach a Mathematica notebook with our results.
Summary and Discussions
In this paper we present new reflection identities for the harmonic sums analytically continued to the complex plane. The reflection identities at weight two are known for a long time and the reflection identities at weight three present the main result of this paper. The need for the identities discussed in this paper emerges in the context of analyzing the general analytic structure of the eigenvalue of the BFKL equation.
